ABSTRACT. Structural components made of fibre-reinforced materials are frequently used in engineering applications. Fibre-reinforced composites are multiphase materials, and complex mechanical phenomena take place at limit conditions but also during normal service situations, especially under fatigue loading, causing a progressive deterioration and damage. Under repeated loading, the degradation mainly occurs in the matrix material and at the fibre-matrix interface, and such a degradation has to be quantified for design structural assessment purposes. To this end, damage mechanics and fracture mechanics theories can be suitably applied to examine such a problem. Damage concepts can be applied to the matrix mechanical characteristics and, by adopting a 3-D mixed mode fracture description of the fibre-matrix detachment, fatigue fracture mechanics concepts can be used to determine the progressive fibre debonding responsible for the loss of load bearing capacity of the reinforcing phase. In the present paper, a micromechanical model is used to evaluate the unixial or multiaxial fatigue behaviour of structures with equi-oriented or randomly distributed fibres. The spatial fibre arrangement is taken into account through a statistical description of their orientation angles for which a Gaussian-like distribution is assumed, whereas the mechanical effect of the fibres on the composite is accounted for by a homogenization approach aimed at obtaining the macroscopic elastic constants of the material. The composite material behaves as an isotropic one for randomly distributed fibres, while it is transversally isotropic for unidirectional fibres. The fibre arrangement in the structural component influences the fatigue life with respect to the biaxiality ratio for multiaxial constant amplitude fatigue loading. One representative parametric example is discussed.
INTRODUCTION
omposite materials are obtained mixing two or more constituents combined at a macroscopic level: typically a matrix material (made with polymers, metals or ceramics) and a dispersed reinforcing phase (fibres, particles or flakes) are used to get very high-quality mechanical properties (such as improved tensile strength, fracture resistance, durability, corrosion resistance, enhanced wear and fatigue strength) of the resulting material. Among the numerous composite materials, the fibre-reinforced ones are commonly used in several engineering applications where traditional materials cannot be conveniently employed [1, 2] . The mechanical characteristics of composite materials obviously depend on those of their constituents, i.e. matrix material and reinforcing phase (such as fibres), and on their reciprocal interaction.
C
The reliability and durability of composite structural components must be assessed through the evaluation of the damage phenomena taking place in such a class of materials due to in-service loading, especially when the external actions act cyclically on the structure. The degrading effects caused by repeated loading are responsible for a significant loss of the mechanical performances, and can be related to the fibre-matrix delamination (debonding), fibre breaking, fibre buckling, matrix plastic deformation or cracking, matrix damage [3, 4] . The present research aims at developing a micromechanical approach for the assessment of the fatigue behaviour of short-fibre-reinforced composites under cyclic loading causing a multiaxial stress state. The assessment of the degrading effects in such non-homogeneous materials under fatigue loading is complex, and requires a reliable mechanics-based model for their quantitative evaluation. Damages in the matrix and in the fibres are quantified by a damage mechanics approach, whereas the loss of fibre-matrix bonding is examined through fracture and fatigue mechanics. All these degrading phenomena are taken into account and quantified by analysis at micro-scale level. Finally, the behaviour of a fibre-reinforced material under multiaxial fatigue conditions is examined and compared with experimental data.
MULTIAXIAL FATIGUE OF MATERIALS
he safety evaluation of engineering structures under variable loading is a key aspect of the material reliability [5] [6] [7] . Fatigue damage is a mechanical phenomenon affected by several factors such as stress values, stress gradients, size of structural components, surface roughness. Moreover, the load variability with time (cyclic or random) and the type of stress field in the material (uniaxial or multiaxial) play a crucial role in fatigue assessment. Many approaches have been formulated to analyse fatigue problems: empirical models based on the experimental Wöhler curves [8, 9] , power laws for propagating cracks such as the Paris law [10] , the critical plane approach [11] [12] [13] , the average stress criterion and the stress invariant approach [14] [15] [16] , the energy approach [17] , the damage mechanics approach [18, 19] , the fatigue fractal approach in the framework of the Wöhler approach [20] . The above problem becomes even more awkward in presence of relevant stress gradients, such as in structural components with notches (holes, fillets, welding, etc.), or geometrical irregularities. As is well-known, the cyclic loading reduces the mechanical properties of materials also if the stresses are below the yielding stress value, due to the irreversible rearrangement of the lattice structure at the microscopic level. In composite materials, the cyclic loadings are responsible for the decreasing mechanical properties of the matrix and for the reduction of the fibre-matrix bond effectiveness. Further, a fibre-matrix detachment can also take place, leading to a reduction of the useful fibre length for the load bearing purpose.
Multiaxial fatigue assessment of the reinforced matrix material
In fibre-reinforced composite materials, the fatigue assessment must take into account the matrix damage as well as the fibre-matrix interface. Since the local mechanical behaviour of a material containing a straight cylindrical fibre can be supposed to be transversally isotropic (Fig. 1a) , the presence of a multiaxial stress state can be represented only by the stresses acting along the transversally isotropic axes, i.e. the radial axis and the axial one. According to such simplification, the multiaxial fatigue damage can be assessed by considering only the variability of such stresses. In the present paper, the damage taking place in the matrix and at the fibre-matrix interface is assumed to be non interacting, i.e. each of them can be assessed independently of the other. Moreover, the effect of the cyclic loading on the fibres is completely neglected. Finally, as far as the matrix damage is concerned, the hypothesis of no crack formation and propagation in the bulk material is adopted, since the matrix is assumed to be ductile. The multiaxial fatigue strength determination in the case of biaxial tension-torsion cyclic stress state is typically tackled by empirical approaches. In particular, for normal and shear cyclic stresses (with amplitudes a  and a  , respectively), a suitable relationship to identify the fatigue limit is [13] : In the case of a reinforced material, the relevant cyclic stress amplitudes for the material interface can be assumed to be equal to , r a  and , z a  , i.e. the radial and the axial one. In Fig. 2a , the effective radial and axial (in phase) cyclic stresses amplitudes against time are shown. As can be noted, they are evaluated by neglecting the compressive portion of the cyclic stress diagrams, having assumed no damage when the material is compressed. Equation (1) can be rewritten as follows (Fig.1a , b):
which represents a circle in the , Fig. 3a) related to a given number of loading cycles to failure,
is the number of loading cycles to failure for an uniaxial fatigue stress with the amplitude ,
Then, the normalized amplitudes are defined as follows:
with 0,ref

= reference remote applied stress amplitude. The fatigue domain (2) can be rewritten through the above dimensionless stress amplitudes:
Such a biaxial fatigue stress domain can conveniently be applied to assess the damage degradation of the fibre-matrix interface layer, as is discussed later. In Fig. 2b , the radial and axial stresses for a generic fibre are represented in the case of a reinforced body under remote uniaxial cyclic stress. A multiaxial fatigue-related parameter can be defined as follows:
where N is the current number of cycles characterising the stress state A and , ( ) (Fig. 3a) . The Wöhler curve (Fig. 3b) is generally a continuously decreasing function of the number of loading cycles, since a well defined horizontal asymptote cannot easily be identified from experiments for many materials. In this context, the so-called fatigue limit loses its original meaning because experimental results classified as 'run out' simply represent the achievement of a number of cycles beyond that of interest for the applications being considered. A generic mechanical parameter can be reduced by using the above damage variable as follows: 
FRACTURE MECHANICS APPROACH TO EXAMINE THE FIBRE DETACHMENT
he problem of the fibre-matrix detachment can be solved through a fracture mechanics approach. As a matter of fact, a partially debonded cylindrical fibre can be represented by a three-dimensional crack lying between two different materials [21, 22] . Such a problem is the spatial counterpart of the case related to an elastic bi-material
plane with an interface crack [23, 24] . According to the above assumption, the debonded zone corresponds to a 3D cylindrical crack lying between two different materials [21] (Fig. 1b) . Typically, the fibre-matrix stress interaction is analysed through the well-known shear lag model [25, 26] , even if such an approach presents some limitations due to the inability of examining a complex stress state around the fibre. The generic fibre, embedded in an elastic matrix (Fig 1b) 
The generic dimensionless Mode M SIF ( , M I II  ), due to the remote stress w   ( , w r z  ), can be defined as
are independent of the angular co-ordinate  due to the axial symmetry of the examined configuration. As can be noted, the SIF is an increasing function of the modulus ratio, while its value decreases by increasing the aspect ratio of the fibre, 2 f f L   , i.e. the SIF is much more severe for short fibre-matrix detached length. The remote axial stress approximately produces only a Mode II SIF, whereas the remote radial positive stress is mainly responsible for both Mode I and mainly Mode II SIFs. The last cited stress-intensity factor arises due to the different elastic properties of the two joined materials. In Fig. 5 , the dimensionless Mode I SIF due to a remote radial stress is displayed against the relative debonded length (Fig.  5a ) and against the fibre aspect ratio (Fig. 5b) . Such a SIF decreases by increasing the detached fibre length and by increasing the fibre aspect ratio, i.e. it is lower for longer fibres in the case of a given relative detached length. The equivalent SIF at the fibre-matrix interface crack front is suitable to define the condition of unstable crack propagation (leading to a complete fibre-matrix separation), according to the energy-based Griffith approach: 2 plane stress plane strain 1
where ic G is the critical interface fracture energy, ic K is the corresponding fracture toughness, and i E and i  are the Young modulus and the Poisson ratio at the interface, respectively.
Multiaxial fibre-matrix interface damage under cyclic loading
The fracture mechanics approach to examine the fibre detachment has the benefit to allow us the use of the well-known crack growth approach to fatigue. As a matter of fact, if the total fatigue life is assumed to be the sum of the initiation and the propagation number of loading cycles, and the propagation stage prevails over the first one as in pre-cracked components or in presence of high stress concentration effects, the crack growth evaluation can lead to a proper expected fatigue life. In the present case, the pre-existing crack can be considered to be always present due to the unavoidable fibre-matrix detachment at the fibre extremities. Moreover, irrespective of the stress state in the material surrounding the fibre, the crack path is always well defined, since it corresponds to the outer fibre surface. The crack propagation assessment can be performed through the debonding length rate law, or the crack growth velocity 
In Eq. (9), , i i C m are the Paris constants of the interface, l is the debonded length (Fig. 1b) , and i K  is the equivalent stress intensity factor range produced by the cyclic remote stresses. The above crack growth rate takes place in a thin weak layer placed between two different materials. Such a layer can be considered as a third material whose properties are themselves affected by the fatigue process. For the above reason, the interface crack propagates in such a degraded material, and a suitable evaluation of the damage can be done by using Eqs. (4) to (6) . In the present study, the above biaxial damage evaluation is applied to the Paris constant i C :
C is the undamaged initial constant value. The critical detached length, c l , and the corresponding number of loading cycles, c N , leading to such an ultimate condition can be evaluated as follows:
where ,   are the fibre and matrix volume fractions, respectively; ' , '
are the tangent elastic tensor of the matrix material and the fibre tangent elastic modulus, respectively; ( ) p   and ( ) p   are the probability distribution functions describing the fibres arrangement in 3D space; F is the second-order tensor defined as follows:   F k k , where k is the unit vector identifying the fibre axis [27] . Such a homogenization procedure is carried out as the fibre progressively detaches due to fatigue loading.
NUMERICAL SIMULATIONS
ow the fatigue behaviour of a 13% glass fibre-reinforced polyamide specimen (with fibres oriented parallel, i.e. with 0º
  , or inclined by an angle 30º   with respect to the load direction) under constant amplitude uniaxial cyclic stress is examined [28] . The materials constituting the specimen are characterised by the following mechanical properties: matrix Young modulus 2. The fatigue failure of the material is assumed to occur when the maximum matrix strain reaches a given admissible value that has been assumed equal to 10% in the present case. In Figure 6 , the experimental S-N curves for the two considered fibre arrangements are reported. It can be observed that the fibres aligned with the fatigue loading direction are most effective and, for a given stress amplitude, a greater number of loading cycles can be reached before the material failure for such fibre arrangement. The numerical evaluation of the number of loading cycles to failure is in accordance with the above observation, providing results that are in acceptable agreement with the experimental outcomes [28] . In Figure 7a , the damage parameter E D , applied to the Young modulus of the matrix, is plotted together with the matrix strain against the number of loading cycles. In Figure 7b , the dimensionless fibre debonded length and the sliding function are plotted against the number of loading cycles N : the function ( ) s N decreases with N , indicating a decreasing of the fibre capability to carry the applied load transferred from the matrix as the number of cycles increases. As a consequence, the stress fraction sustained by the matrix increases with N (being constant the maximum applied stress during fatigue), and the damage in the bulk material increases. In the case of fibres aligned with the loading direction ( 0º   ), the sliding parameter stabilises after a certain number of loading cycles, and the maximum strain in the matrix appears to increase very slightly with N .
CONCLUSIONS
n the present paper, a micromechanical model for the evaluation of the unixial or multiaxial fatigue behaviour of fibre-reinforced structural elements having equi-oriented or randomly distributed fibres has been presented. The effective spatial arrangement of the fibres is statistically taken into account by adopting a Gaussian-like distribution function, whereas the mechanical effect of the fibre on the composite is accounted for by a homogenization approach aimed at obtaining the macroscopic elastic constants of the material. The fatigue fibre-matrix debonding is evaluated by using a fracture mechanics approach. Matrix damage under fatigue is determined by considering the local anisotropy of the material due to the fibres, i.e. a multiaxial fatigue criterion for constant amplitude loading is proposed. Finally, the micromechanical model is employed to assess the fatigue behaviour of a representative unidirectional-reinforced polymeric samples, providing results in line with the experimental data.
